Abstract-An inherent property of medical ultrasound imaging is the speckle noise that generally obscures the image and reduces the diagnostic image resolution and contrast. Consequently, substantial improvement of ultrasound images is an important prerequisite for ultrasound imaging. Some recent research has suggested that the spatial distribution of tissue densities may be used in ultrasound imaging to reconstruct images with fewer speckles. This new approach is based on the direct estimation of tissue density from the radio frequency echo signals received by ultrasound probe. This paper presents a mathematical analysis of this approach and derives a simplified model for issue estimation. This model simplifies the computation involved in density estimation and provides deeper insight into the problem. It shows that image reconstruction by tissue density estimation may have limited effect on speckle noise embedded in the RF echo signal. The analysis results are verified by numerical calculations and simulation examples.
. Further, the nonlinear effects were described in the convolution model and implemented in the simulation [7] . According to the convolution model, the received radio frequency (RF) image from transducer is considered as a convolution result between the PSF and tissue reflectivity function. For this reason, the convolution model is chosen as the theoretical basis for the present deconvolution study. The deconvolution of the observed RF image data by the PSF has been applied to increase the spatial resolution of medical ultrasound images [8] - [16] .
Recently, a new discrete model of ultrasound echo signal based on the classic continuous model is proposed by some researchers [18] . It is argued that the spatial distribution of tissue densities may be used in ultrasound image reconstruction to improve the image quality. The idea is to use a linear model, taking into account the diffraction effects associated with each transmitter/receiver, the electrical characteristics for each transmitter/receiver, as well as the used input signals, and then estimate the parameters (the scattering strengths) of the model based on both data and prior information. This discrete model is based on the direct estimation of tissue density from the RF (radio frequency) signals received by ultrasound probe. This paper presents a mathematical analysis of this approach and derives a simplified model for density estimation. This model simplifies the computation involved in density estimation and provides deeper insight into the pulse tissue interaction of the ultrasound scanning. It shows that image reconstruction by tissue density estimation may have limited effect on speckle noise embedded in the RF echo signal. The analysis results are verified by numerical calculations and simulation examples.
II. CLASSICAL MODEL OF ULTRASOUND RF ECHO SIGNALS
The impulse response method is an approach based on linear systems theory to modeling acoustic fields from ultrasound transducers. The method was introduced by Tupholme and Stepanishen in the late 60's and early 70's [1] - [2] . The model for the propagation and scattering of ultrasound in inhomogeneous medium is developed by Jensen [8] . A wave equation for propagation of ultrasound in tissue has been derived under the assumption of linear propagation and weak scattering. A general expression is derived for the received pressure field using the first-order Born approximation. The imaging system is divided in two parts: the first one accounts for acoustical wave propagation effects from the transducer surface to the observation point, and the second one accounts for the electro-acoustical effects. The model for the total imaging system is the Consider a small inhomogeneity embedded in an infinite homogeneous background medium shown in Fig. 1 [8] . The arbitrary-shaped scattering volume is identified by with acoustic properties of and . by integrating all the spherical waves over the scattering region . The density and compressibility of the scattering region vary in a continuous manner. In the ultrasound propagation plane, is the mass density variation function of the tissue;
is the speed variation function of wave propagation; is the particle velocity on the surface of ultrasound probe. Denote the ultrasonic sound pressure measured by the ultrasound probe. The classical convolution model of with Born approximation is expressed as [8] (1) where (2)
III. ANALYSIS OF TISSUE DENSITY ESTIMATION
The discrete echo signal model is derived from the classical convolution model of the ultrasound scattered field. To analyze this situation, the scattered field (1) is further written as [8] (3) where , as defined in (4), is the pulse-echo spatial impulse response function of the distance between and , while and are functions of . In traditional pulse-echo imaging, the resulting image is a spatial nonstationary convolution between and a modified form of the pulse-echo spatial impulse response [17] from (3) . (4) If only consider the single-element transducer for ultrasound pulse transmission and receive and is the surface area of the transducer [17] , then we get (5) For simplicity, we use Cartesian coordinate. (6) Then the corresponding gradient expressed in Cartesian coordinates is known as
Obviously, is large enough only when and , otherwise it is insignificant and can be neglected when the observed point locates at the far field, see Section V for example. The pulse-echo spatial impulse is slowly varying in the far field so that the spatial frequency content is constant over a finite volume. Then (3) can be rewritten as (8) Other approximation, the Laplace operator of the second derivative with respect to the distance can be obtained with the second derivative with respect to time. Then (8) can be further written as (9) ThB4.5
In practice, the ultrasound beam transmitted from the probe via is always focused along the axial direction, thus the RF echo signal received can be modeled approximately as a one dimensional spatial signal in the axial direction as shown below (10) Let be the discretization step sizes of , and be the positive integers of step indices, respectively. Then, using the same discretization procedure as that of [18] , (10) can be written as (11) where . Note that being the distance and time the scattered sound has travelled. in (10) are related by the sound velocity as Thus, for an average sound speed the discretization steps in (11) need to satisfy (12) Consequently, and in (11) can be written respectively as (13) Similar to the model in [18] , the received echo signal in (11) at a time instant is the sum of the weighted tissue density variation ) over the entire axis, and the weightings are the sum of the weighted excitation impulse for up to But different from [18] , (11) involves only This simplification stems from the fact that and hence can be neglected in practice. As will be shown in Section IV, the simplified model generates almost the same results as those obtained from the model in [18] . The model reduces the computation involved in tissue density estimation and provides deeper insight into the estimation of tissue density (15) . The formula (23) clearly shows that the received scattered signal in time domain is proportional to the tissue density in spatial domain under the situation of the ideal unit pulse input. In essence, the inverse problem of the tissue density variation estimation cannot remove noise and improve image quality. Under the assumption that the input impulse is long enoug, the inverse problem might get a certain smoothing effect possibly.
From (11)- (14) it clear that the tissue density variation is a linear function of the RF echo signal
. If the RF echo signal is continuously available after then (23) can be further written in recursive form [19] . (24) where is the gain matrix calculated using and [19] . From (24) it is evident that image reconstruction using the estimated tissue density is somewhat equivalent to a Kalman filtering of RF echo signal. So it may suppress, to a certain extent, the speckle noise embedded in the RF signal. However, it is well known that Kalman filter is effective only for the white Gaussian noise uncorrelated with the states and output observation data of the system. Thus, this filtering may not be effective for the suppression of speckle noise which has proven to be non-Gaussian noise satisfying Rayleigh distribution [19] .
IV. SIMULATIONS
To verify the analysis of Section IV, this section presents the simulation results obtained by the simplified model (11) and density estimation algorithm (23), and compares these results with those simulated by Field2 which is a commonly recognized ultrasound imaging simulation package [6] .
A. Spatial impulse response The amplitude of pulse-echo spatial impulse response function depends on the aperture surface of the probe according to (5) . It is proportional to the probe surface. Obviously when the aperture surface increases, the amplitude of spatial impulse response decreases quickly as shown in Fig. 2 . and are very small, cannot be neglected and the discrete modeling (11) holds. Therefore there is a strong reflection from the near field and it affects the received echo signals. Notice that the ultrasound measurement normally occurs in these locations where and are not very small and is insignificant and can be neglected. The example in Fig. 3 shows the traditional spatial response from a circular, flat transducer. Obviously, when lateral distance [8] . (11), we can get very similar 1-D echo signal simulation results to those from the discrete model [18] . Fig. 4 and Fig. 7 are the assumed mass density of tissue. RF signal ′ is simulated by both the simplified discrete model (11) and Field2. Gaussian (modulated sinusoidal) pulse is used as the excitation pulse here. Other parameters in (11), such as , and are the same values as those in [18] . The above simulation results are almost the same as those simulated by Field2 [6] . a) Constant density jump Fig. 7 , we can see the RF signal simulated by using the simplified discrete model in Fig. 8 is still quite similar to that of Field2 in Fig. 9 .
C. Simulation of Tissue Density Estimation With the soft phantom model in Fig. 10 , the ultrasound echo signals are simulated using the model (11) and Field2, and the simulation results are shown in Fig. 11 and Fig. 12 , respectively. As seen from these figures, the echo signals in Fig. 11 do not contain any speckles since they are generated by the model (11) which does not simulate speckles, while those in Fig. 12 contain speckles since they are generated by Field2 which has a mechanism for speckle simulation. The ultrasound images (Fig. 11 and Fig. 12 ) come from the simulated RF signals obtained by a horizontal movement of the transducer. The ultrasound imaging processing converts the RF signals to B-mode image using mainly envelope detection, linear interpolation and logarithmic compression. Using the inverse model (23), the tissue density is estimated from the simulated ultrasound signals given in Fig.  11 and Fig. 12 . The estimation results are given in Fig. 13 and 14. Fig. 13 , when the simulated ultrasound echoes do not contain speckle noise, the tissue mass density can be recovered well by the inverse model. However, if the simulated ultrasound echoes contain speckle noise as shown in Fig. 12 , the inverse model (23) cannot remove speckles effectively and the estimated linear tissue density image still show strong speckles as shown in Fig. 14 . These show that the discrete model may not be effective for the suppression of ultrasound speckle noise.
V. CONCLUSION
The simplified discrete model is based on the fact that the pulse-echo spatial impulse is slowly varying and the spatial frequency content is constant over a finite volume. Actually, the gradient of spatial impulse response is not close to zero when the observed position is close to the transducer location where serious ultrasound reflection occurs. And the gradient of spatial impulse response is close to zero in the far field which proved the spatial impulse is slowly varying in the far field. The simplified discrete model can produce very similar echo simulation results to those of the original discrete model [18] . This verifies that the two discrete models are equivalent. The simplified discrete model shows that the received echo signals are the sum of the variations of tissue mass density distribution, and that the least squares based estimation of tissue density is equivalent to a Kalman filtering which may be ineffective in suppressing the speckle noise. Simulation examples verify the validity of the model and analysis.
